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A necessary condition for a matrix to be an even doubly-stochastic one, found by L. Mirsky 
in 1961, is shown to be not sufficient. 
A famous theorem of G. Birkhoff states that every doubly-stochastic matrix can 
be expressed as a convex combination of permutation matrices. An even doubly- 
stochastic matrix is (by definition) a convex combination of even permutation 
matrices. All matrices considered are of order n x ~1, n 3 1. Using the Kronecker- 
delta, we always identify a permutation rr with the perumutation matrix (&,i,j). S, 
and A,, denote the symmetric and alternating group of degree n respectively. 
L. Mirsky has found the following necessary condition for a matrix A = (a,) to 
be an even doubly-stochastic one, cf. [ 11: 
V~EA, Vj~{l,. . . , n}: ~ ai.l,(i,-3aj,~,~n-3, (1) 
i=l 
and questions if (1) is sufficient for A to lie in the convex hull of A,. In the special 
case that A = (l/c) CmEC (+ with C E S,, and c = (C], (1) is equivalent to 
VrrEA,VjE{l,...,h}: f C 8c(i)n(i)-3 C 6c(j)77(j)sc(n-3)e t2) 
i=l USC (TEC 
If ({i: a(i) = T(i), 1 s i < n}] = 0 holds for any two permutations a, T E C, then the 
matrix zFcu consists only of entries equal to 0 or to 1, and the left side of (2) 
does not exceed n - 1 -2ajm6, and so a fortiori n - 1, for all j and T E A,. A 
simple calculation thus shows that, provided (3c - l)(c - 1)-l< n, a sum of c 
permutations, no two of them having an image in common, satisfies (2). In the 
case of two disjoint permutations this is true for n 25. Thus we find examples 
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opposing the sufhciency of (1). For n 3 5 the doubly-stochastic matrix 
A =3((12)+(134.. . n))=; 
0 110. 
0011 *. 
. . 
. ‘1 
0 . . ‘0 
(3) 
satisfies (l), but A is not even, because, as easily verified, (3) is the only way to 
express A as a convex combination of permutation matrices. 
For n = 4 we find the following doubly-stochastic matrix I3 that satisfies (1) and 
is not even: 
B=$(12)+$(134)+:(243)=; 
Only in the cases n ~3, a doubly-stochastic matrix is even iff it satisfies 
condition (1). (For n = 3, a 3mo’j s 3aj.,,c, for all j and T E A3 implies 
A = a 11 (l)+Q 12 (123)+a 13 (;?&‘2n0.)+a 
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